ON FINITE-DIMENSIONAL MAPS 



H. MURAT TUNCALI AND VESKO VALOV 

Abstract. Let /: X Y he a perfect surjective map of metrizable spaces. 
It is shown that if y is a C-space (resp., dimK < n and dim / < m), then 
the function space C(X, I°°) (resp., C{X, I ^™)) equipped with the source 
hmitation topology contains a dense G^-set H such that f x g embeds X into 
y X I°° (resp., into Y x ][^"+^+'"^ fQj. every g £H. Some appHcations of this 
result are also given. 



1. Introduction 

The aim of this note is to prove the following theorem. 

Theorem 1.1. Let f : X Y be a perfect surjection of countable functional 
weight between paracompact spaces. 

(i) //dim f <nand dim Y <m, then the set H of all maps g G C{X, l2"+i+'^) 
with f X g being an embedding is dense and Gs in C{X,I^^~^^^"^) with 
respect to the source limitation topology. 

(ii) If Y is a C-space, then all maps g: X —>■ such that f x g is an 
embedding form a dense and Gs-subset of C{X,I°°) with respect to the 
source limitation topology. 

Here, / is of countable weight [18] if there exists a map h: X ^ such that 
f X g embeds X into y x 1°^. The C-space property was introduced by Haver 
[10] for compact metric spaces and then extended by Addis and Gresham [1] for 
general spaces. The source limitation topology (or the fine topology) is defined 
in Section 2, it is well known that this topology is stronger than the uniform 
convergence topology. We consider the covering dimension dim (see [6]) and 
dim / < n means that dim/~^(y) < n for every y eY. 

Theorem 1.1 (ii) was announced without proof in [20]. Concerning (i), Eilen- 
berg [5] proved that // 7^ for n = and compact metric spaces X and Y. 
Then Pasynkov [16] extended Eilenberg's result to perfect 0-dimensional maps 
between arbitrary metric spaces and proved the compact version of Theorem 
l.l(i) in [17]. The Eilenberg theorem was also generalized by S. Bogatyi, V. 
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Fedorchuk and J. van Mill [2]. Recently, Pasynkov [18] extended his results 
from [17]. It follows from [18, Theorem 9.5] that, under the hypotheses of The- 
orem l.l(i), the set Ti. is dense in C(X, I^"^^^™) with respect to the uniform 
convergence topology generated by the Euclidean metric on Since 
the function space C^X,'^?'^^^^'^) with any reasonable topology (e.g., the uni- 
form convergence and the fine topology) has Baire property, in many cases it 
is important to know that H. is also residual (i.e., contains a dense G^-set) 
in C(X, I^"^"'"^^'"). We demonstrate that importance by proving the following 
generalization of a result due to Roberts [4] (see Proposition 4.3): 

Corollary 1.2. Under the hypothesis of Theorem there exists a dense 

Gs-set B in C(X, 1=^"+^+™) with the source limitation topology such that B C Ti, 
and every g & B has the following property: dim g{f~^{y)) nU < k — n — 1 for 
any y and any rational k -plane H in iR^n+i+^i ^^^^^ < A; < 2n. 

Another application of Theorem 1.1 (i) is an improvement of the mentioned 
above result of Bogatyi, V. Fedorchuk and van Mill [2] (see Proposition 4.1). Let 
us also note that Theorem 1.1 (i) extends a result of Hansen [9] about embedding 
of finite covers. 

The paper is organized as follows. Section 2 is devoted to the main technical 
result. Theorem 2.1. Theorem 1.1 is proved in Section 3 and the final Section 4 
contains some applications. All single- valued maps under discussion are contin- 
uous, and all function spaces, if not explicitely stated otherwise, are equipped 
with the source limitation topology. 



2. a;-MAPS 

For any spaces X and Y by C{X, Y) we denote the set of all continuous maps 
from X into Y. If {Y, d) is a metric space, then the source limitation topology 
on C{X,Y) is defined in the following way: a subset U C C{X,Y) is open in 
C{X, Y) with respect to the source limitation topology provided for every g E U 
there exists a continuous function a: X — >■ (0, oo) such that B{g, a) C U. Here, 
B{g, a) denotes the set {h e C{X, Y) : d{g{x), h{x)) < a{x) for each x e X}. 

The source limitation topology is also known as the fine topology and C(X, Y) 
with this topology has Baire property provided (Y, d) is a complete metric space 
[15]. Moreover, the source limitation topology on C{X,Y) doesn't depend on 
the metric of Y when X is paracompact [11]. 

Throughout the paper denotes the /c-dimensional cube equipped with 
the Euclidean metric rf^, and denotes the uniform convergence metric on 
C{X,^) generated by d^- We also agree to denote by cov{X) the family of all 
open covers of X. In case {X,d) is a metric space, B^{x) (resp., -Be(^)) stands 
for the open (resp., closed) ball in {X,d) with center x and radius e. 
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It is well known that if X is a compact n-dimensional space, then for every 
ijj e cm{X) the set of all cj-maps g: X ^ 1^"+^ is open and dense in C{X, F^+i) 
(recall that g G C(X, 1^"+^) is an cj-map if for every x ^ X there is a neighbor- 
hood V of g{x) in ][^"+^ such that (/^^(V^) C V for some [/ G u;). Next theorem, 
which easily implies Theorem l.l(i), is a counterpart of the above result for 
n-dimensional maps. 

Theorem 2.1. Let f : X Y be a perfect surjection between paracompact 
spaces such that dim f < n and dim y < m. Then, for every cu G cov{X), the set 
{g G C(X,F"+^+"') :fxg is an cu-map} is open and dense in C(X, 1^"+^+"^) . 

The proof of this theorem follows very closely the proof of Theorem 2.2 from 
[20]. We need few lemmas, in all these lemmas we suppose that /, X, Y are 
as in Theorem 2.1, uj G cov{X) and k = 2n + 1 + m. We also denote by 
C{X,Yx t,f ) the set of all maps h: X ^Yxt such that tty o h = f, where 
TTY-.Yxt^Yis the projection. For any closed K C X , cS{X\K,Y x t, f) 
stands for the set of all h G C{X,Y x l'^, /) with h\K being an oj-map (as a 
map from K into Y x t) and C^{X\K, t) consists of all g G C{X, t) such that 
f xge C^{X\K, Y X I^ /). In case K = X we simply write C^(X, Y x I^ /) 
(resp., C^{X,t)) instead oiC^{X\X,Y x I^ /) (resp., C^{X\X,t)). 

Lemma 2.2. Let g G C^{X\f-\y),t) for some y & Y . Then there exists 
a neighborhood U of y in Y such that the restriction g\f~^{U) is an uj-map. 
Moreover, g G C^{X,l^) provided g G C^{X\f~'^{y),l^) for every y eY. 

Proof. Since / is perfect, all fibers of / are compact and the map f x g: X ^ 
y X I*^ is closed. These two facts imply the proof (see Lemma 2.3 and Corollary 
2.4 from [20] for similar arguments). □ 

Lemma 2.3. For any closed K gX the set C^{X\K, t) is open in C(X, I*^). 

Proof Let e C^{X\K,t). We are going to find a G C(X, (0,oo)) with 

B{go,a) C C^{X\K,t). For every y E H = f{K) there exists a neighborhood 
Uy of y in y such that goUf^^iUy) fl K) is an cu-map. Then uji = {Uy : y G 
H} U {Y\H} is an open cover of Y. Using that Y is paracompact, we can 
find a metric space (M, d), a surjection p: Y ^ M and fi G cov{M) such that 
p~^{^f) refines ui. Hence, every z G p{H) has a neighborhood Wz in M such 
that gQ\{p o f)~^{Wz) n 7^ is an u;-map. The last condition implies that hQ\K 
also is an w-map, where ho = {po f) x go. The proof of next claim is similar to 
the proof of the Claim from [20, Lemma 2.5]. 

Claim. There exists a locally finite open family in M xl'^ covering ho{K) 
such that every g G C{X,t) belongs to C^{X\K,t) provided h\K is ^-close to 
holK, where h—{pof)xg. 
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Let p be the metric on M x l'^ defined by p{ti,t2) = d{zi,Z2) + dk{wi,W2), 
where = {zi,Wi), i — 1,2. Denote by V the union of all elements of the 
family 7 from the claim let ai: K ^ (0, 00) be the continuous function ai{x) = 
2-^sup{p{ho{x),V\W) -.We-f}. If h = {po f)x g with g G C{X,t) and 
p(/io(x), h{x)) < ai{x) for every x E K, then h\K is 7-close to HqIK. According 
to the claim, the last relation yields that g G Caj{X\K, l'^). We take a continuous 
extension a: X — > (0, 00) of cci and observe that dk{go{x), g{x)) — p{ho{x),h{x)) 
for every xeX. Therefore, B{go, a) C C^{X\K, t). □ 

Lemma 2.4. If C{X,'^) is equipped with the uniform convergence topology, 

irk 

then the set-valued map ipui'- y ^ 2*^^^' \ defined by the formula "00; (y) = 
C{X,t)\C^{X\f-\y),t), has a closed graph. 

Proof. See the proof of [20, Lemma 2.6] □ 

Lemma 2.5. Let K be a compact space such that dimK < n. Then for every 
7 G cov{K) the set of all maps g G C(r X K, t) with each g\{{z} xK), zeV, 
being a 7-map {as a map from K into I^) is dense in C{¥^ x K, l'^) with respect 
to the uniform convergence topology. 

Proof. We fix 7 G cov{K), a map g^ : VxK ^ t and e > 0. If K is metrizable, 
the Pasynkov version of Theorem 1.1 (i) (for compact spaces) [17] yields a map 
g: X K ^ f' which is e-close to ^fo and n x g embeds V x K into I"* x l'', 
where tt: T^xK ^I"^ denotes the projection onto I"*. Then, each g\{{z} x K), 
z G I", is a 7-map because it embeds {2;} x K into I^. 

If K is not metrizable we can represent K as the limit space of a cr-complete 
inverse system S = {Ki3,p^'^^ : P G B} such that each K/^ is a metrizable 
compactum with dim < n. Applying standard inverse spectra arguments 
(see [3]), we can find 6' G B, 71 G cov{Kg) and ge G C{¥" x Kq,!'') such that 
gg o {id X pg) = go and p^^(7i) refines 7, where pg: K ^ Kg denotes the ^th 
limit projection and id the identity map on I™". Then, by virtue of the previous 
case, there exists a map gi G C(I™' x Kg,l'') which is e-close to gg and the 
restrictions 5fi|({2;} x Kg) are 71-maps. It follows from our construction that 
g — gi o [id X pg) is e-close to go and each ^'[({-z} x K) is an 7-map. □ 

Recall that a closed subset F of the metrizable apace M is said to be a Z- 
set in M [14], if the set C(I°°, M\F) is dense in C(I°°, M) with respect to the 
uniform convergence topology. If, in the above definition, I°° is replaced by I*", 
m G N U {0}, we say that F is a Z^-set in M. 

Lemma 2.6. Let a: X ^ (0, 00) be a positive continuous function and go G 
C{X,l''). Themjji^{y)nB{go,a) is a Z^-set in B{go,a) for every y G y , where 
B(go,a) is considered as a subspace of C{X,l'^) with the uniform convergence 
topology. 
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Proof. We follow the proof of [20, Lemma 2.8]. All function spaces in this proof 
are equipped with the uniform convergence topology. By Lemma 2.4, each 
i^L^iy) is closed in C{X,l''). Hence, i/jujiy) H B{go,a) is closed in B{go,a). Wc 
need to show that, for fixed y E Y, 6 > and a map u: ^ B{go,a) 
there exists a map I"' —>■ B{gQ,a)\ipi^{y) which is (^-close to u with re- 
spect to the uniform metric Dk- To this end, observe first that u generates 
h e C{V X X,l''), h{z,x) = u{z){x), such that dk{h{z,x), go{x)) < a{x) 
for any {z,x) e I"* x X. Since f~^{y) is compact, there exists A e (0,1) 

r 

such that Asup{a(a;) : x e f'^y)} < -. Define h e C(r x f-\y),t) by 
hi{z, x) = (1 — X)h{z, x) + Xgo{x). Then, for every {z, x) el"^ x f~^{y), we have 

(1) dk{hi{z,x),gQ{x)) < (1 - \)a{x) < a{x) 
and 

(2) dk{hi{z,x),h{z,x)) < Xa{x) < -. 

Let q < min{r, -}, where r is the positive number mi{a{x)—dk{hi{z, x),go{x)) : 

(z, x) e I"* X j'^iy)). Since dim/~^(?/) < n, by Lemma 2.5 (applied to 
the product I"" x f~^{y)), there is a map /12 G C{T" x /-^(y),l'=) such that 

dk{h2{z,x),hi{z,x)) < q and /i2|({-2} x f~^{y)) is an a;-map for each {z,x) £ 
I™ X f-\y). Then, by (1) and (2), for aU {z,x) x f-\y) we have 

(3) dk{h2{z,x),h{z,x)) < 5 and dk{h2{z,x), go{x)) < a{x). 

Because both I™ and f^^{y) arc compact, U2{z){x) = h2{z,x) defines the map 
U2:T^ C{f~^{y),l''). The required map v will be obtained as a lifting of U2- 
Let tt: B(go,a) C{f~^{y),I^) denote the restriction map TT{g) = g\f~^{y)- 
As in the proof of [20, Lemma 2.8], we can see that U2{z) G 7r{B{gQ, a)) for every 
2; e I™ and 9{z) — 7r''^{u2{z)) fl Bs{u{z)) defines a convex-valued map from I"* 
into B[go, a) which is lower semi-continuous. By the Michael selection theorem 
[12, Theorem 3.2"], 6 has a continuous selection v. 1"^ C{X,I^). Then v 
maps F" into B{gQ, a) and v is 5-close to u. Moreover, for any 2; G I™ we have 
n{v{z)) = U2{z) and U2{z), being the restriction /i2|({2} x f^^{y)), is an a;-map. 
Hence, v{z) e C^{X\f-\y),t), z e I"^, i.e. v: 1^ ^B{g^,a)\^M- □ 

Lemma 2.7. The set C^{X,t) is dense in C{XX). 

Proof. It suffices to show that, for fixed go e C(X, I*^) and a positive continuous 
function a: X ^ (0, cxd), there exists g e B{go,a) fl C^{X,l''). The space 
C{X,l'') with the uniform convergence topology is a closed convex subspace of 
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the the Banach space E consisting of all bounded continuous maps from X into 
M.'^. We define the set- valued map from Y into C{X,f'), (f){y) = B{go,a), 
y & Y. According to Lemma 2.6, B{go,a) fl ipuj{y) is a Zm-set in B{go,a) 
for every y E Y. So, we have a lower semi-continuous closed and convex- 
valued map (f): Y — > 2^ and another map tp^: Y 2^ with a closed graph 
(see Lemma 2.4) such that (j){y) fl i/^uiiy) is a ^m-set in (j){y) for each y e y. 
Moreover, dimY < n, so we can apply [8, Theorem 1.2] to obtain a continuous 
map h: Y ^ C{X,l'') with h(y) G (t){y)\i^ui{y) for every y EY (we actually 
apply the following partial case of [8, Theorem 1.2]: If $: Z 2-^ is a lower 
semi-continuous closed and convex-valued map from a paracompact space Z 
with dimZ < n into a Banach space E and ip: Z ^ 2^ is a set-valued map 
with a closed graph such that $(2;) fl i/j^z) is a Z^-set in $(2;) for all z E Z, 
then there exists a map q: Z ^ E with q{z) G ^{z)\il){z) for each 2; G Z). 
Observe that /i is a map from Y into -B(g'o, ex) such that /i(|/) ^ ipuj{y) for every 
?/GF,i.e. %) GS(<7o,a)nC,(X|/-Hy),l'),2/ey. Then g{x) = h{f{x)){x), 
X E X, defines a map g G B{go,a) such that g\f~^{y) — h{y)\f~^{y) for all 
y eY. Hence, G Ct^(X]/""^(y), l''), y eY. Finally, by virtue of Lemma 2.2, 
gECUX,t). □ 

3. Proof of Theorem 1.1 

We first prove Theorem l.l(i). Fix a map h: X such that f xh embeds 

X into Y X and let Ui = h~^{'ji), where {7^} is a sequence of open covers of 

r° with mesh(7i) < 2'' for every i. Then, by Theorem 2.1, each C^,(X, l2"+i+"^) 

00 

is open and dense in C(X, 1^"+^+"*), so Cq = Q C^, (X, 1^"+^+"*) is dense and 

i=l 

Gs in C(X,I=^"+^+'"). According to the choice of uj,, Co C H. On the other 
hand, any g eH belongs to Cq. Therefore, Cq = 7i and wc are done. 

The proof of Theorem 1.1 (ii) follows the same scheme as that one of (i). The 
only difference is that, instead of Theorem 2.1, we use the following proposition. 

Proposition 3.1. Let f : X ^ Y be a perfect surjection such that Y is a 
paracompact C -space . Then, for every uj E cov{X), the set of all g E C{X, 
with f X g being an uj-map is open and dense in C{X,1°°). 

To prove Proposition 3.1, wc fix an a; G cov{X)^ an embedding of in I2 
as a closed convex subset and let d^o denote the metric on T° generated by the 
norm of l2- Following the proof of Theorem 2.1, we show how to modify the 
hypotheses and the proofs of Lemmas 2.2 - 2.7. One general modification is to 
replace everywhere the metric dk by d^o and both I™" and by I^. With this 
general correction, the modified versions of Lemmas 2.2 - 2.4 remain valid. The 
modification of Lemma 2.5 should read as follows: Let K he & compact space. 
Then, for every 7 G cov{K), the set of all maps g E C{I°° x K,T°) with each 
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g\{{z} X K), z e being a 7-map is dense in C(I°° x K,I°°). In the proof 
of this new version of Lemma 2.5 we need the following corrections (except the 
general one): to produce the map g in the case when K is metrizable, choose 
g to be an embedding of x into 1°^ which is e-close to go; when K is not 
metrizable, we omit the restriction Kp to be at most n-dimensional. In Lemma 
2.6 (hypothesis and the proof) we need to replace Zm-set by Z-set. The new 
version of Lemma 2.7 is: The set Ci^{X,I°°) is dense in C{X,I°°). Here is a 
sketch of the modified proof: For given a: X {0, 00) and g^ G C{X,I°°) we 
define (p: X ^ 2^ to be the constant map (/)(y) = B{gQ,a), where E is now 
the Banach space of all bounded maps from X into l2- Then, according to the 
modified versions of Lemmas 2.4 and 2.6, V'w has a closed graph and (f){y) r\ipoj{y) 
is a Z-set in 0(?/) for every y ^ Y. Next, apply [7, Theorem 1.1] to obtain a 
map h: Y ^ C{X,I°°) with h{y) G (j){y)\(jj^{y) , y & Y. Finally, the required 
map g G Ct^(X, I°°) is defined by g{x) = h{f{x){x). 



4. Some applications 

Let /: X — > y be a map and B G X an Fo--subset of X. We say that the 
restriction /|S is a-perfect with a countable weight if B is the union of closed 
subsets C X, i G N, such that all restrictions f\Bi: Bi f{Bi) are perfect 
maps with countable weight and f{Bi) C Y closed. Our first application is 
the following generalization of [2, Theorem 4 and Theorem 5] (following the 
notations of Proposition 4.1 below, it was shown in [2] that the sets A and 
^00 are non-empty in the more restrictive situation when both X and Y are 
separable metric spaces and B is cr-compact). 

Proposition 4.1. Let f : X ^ Y be a surjective map between paracompact 
spaces and B d X an F^-set. Suppose f\B is a-perfect with countable weight 
such that dim(/|S) < n and dim f{B) < m. Then we have: 

(i) The set A consisting of all g G C(X, 1^"+^+'") with {f x g)\B being 
one-to-one is dense and Gs in C(X, I^"^"*^^™). 

(ii) The set Aoo of all g = {gi,g2, ••, ) e C{X, with fxgi^x....x gi^„+^+^ 
being one-to-one on B for any 2n-\-l-\-m distinct integers ^l, ^2n+l+m 
is dense and Gs in C{X,I°°). 

Proof Let B = W^^Bj such that, for each i, B^ C X, f{Bi) C Y are closed 
sets and /j — f\Bi is a perfect map with countable weight. Since dim(/j) < n, 
dim/(Sj) < m and both B^ and f{Bi) are paracompact, by Theorem l.l(i), 
every set Tii = {g & C(-Bj, I^"^"*^^™") : fi x g is an embedding} is dense and Gs 
in C(5„l2"+^+'"). The restriction maps p^: C(X, 12"+^+'") ^ C{B,X''^^^'^), 
Pi{g) = g\Bi, are open and continuous surjections. Hence, all sets p~^{'Hi) are 
dense and Gs in C(X,F"+^+"*), so is ^ = r\°l^p-^{ni). 
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To prove (ii), for any set F of 2n + 1 + m distinct integers ii, i2n+i+m we 
represent I°° as the product F x I'^^'". It is easy to show that C{X,I°°) is 
homeomorphic to C(X, I^) x C(X, I^^'"). Let yrr denote the projection from 
C{X,r^) onto C(X,I^) and At = {g e C(X, I^) : (/ x g)\B is one-to-one }. 
Then, by (i), each tIy^{Ay) is dense and G5 in C(X, Since is the 
intersection of all 7rf ^(.Ar), we are done. □ 

Lemma 4.2. Let H = U^^^i/j be an n- dimensional subset of the paracompact 
space X with each G X closed. Suppose E is a Banach space and Y d E a 
closed convex subset. Then, for every aZn-set K in Y , the set of all g & C {X, Y) 
with g{H) n X = is dense and Gg in C{X, Y). 

Proof. Since the restriction maps from C{X,Y) into C{Hi,Y) arc continuous 
and open, it suffices to show that, for any i, the set Qi of all g G C{Hi, Y) with 
g{Hi) n K = is dense and Gs in C{Hi, Y). Let K = UfLiKj, where each Kj is 
a closed Z„-subset of Y, and Qij consist of all g G G{Hi, Y) with g{Hi)nKj = 0. 
Then = CiJ^iGij- Therefore, our proof is further reduced to the proof that Gij 
is open and dense in G{Hi, Y) for any i and j. Finally, observe that, for fixed 
i,j G N, we can assume Hi = X and Kj = K. Under this assumption, we are 
going now to show that the set U = {g & G{X, Y) : g{X) n K = 0} is open and 
dense in C{X,Y). 

Suppose go E U and let a{x) — 2~^d{go{x), K), where d is the metric on Y 

generated by the norm of E. Then B{go,a) G U, so U is open in C{X,Y). To 
show that U is dense, take arbitrary h G C{X,Y) and a G C{X, (0,oo)) and 
consider the set- valued map 0: X — >• 2^, 0(a;) = Ba{x){h{x)). Then (j) is lower 
semi-continuous with closed and convex values. Moreover, since K is a. Z„-set 
in F, K n Ba(x){h{x)) is a Z„-set in Ba{x){h{x)), x E X. This imphes that 
(pix) n is a Z„-set in (f){x) for every x E X (see, for example, [7, Lemma 2.3]). 
Therefore, we can apply [8, Theorem 1.2] to obtain a map g: X ^ Y such that 
g{x) G (j){x)\K for all x. Hence, g E U H B{g, a) which shows that U is dense 
in C{X,Y). □ 

Let ^2^+1+"^ denote the set of all points from having at most n + 

m rational coordinates. It is well known that the compliment of N^X^'^"^ in 
j2n+i+m -g ^j^g union of countably many n-dimensional subspaces Mj with each 
Mi being a Z„+^-set in i2"+i+'». Moreover, if X is a paracompact space of 
dimension dimX < n + m, according to Lemma 4.2, each of the sets A4i = 
{g G C(X,l'"+^+'") : g{X) n = 0} is open and dense in C(X, 
This implies the following generalization of the Nobeling-Pontryagin-Lefschetz 
theorem: In the hypothesis of Theorem l.l(i), the set A/" of all G such that 
g{X) C iV^Vn+™ is dense and Gg in C(X, 1^'^+^+'"). Indeed, by the generafized 
Hurewicz theorem [19], dimX < n -|- m, so the sets Mi defined above are open 
and dense in C(X, 1^"+^+""). Then J\f, being the intersection of all Mi and H, 
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is dense and in C(X, 1^""'"^+™). But we can prove a stronger result, which 
generahzes a theorem due to J. Roberts [4] as welL Below, by a (rational) k- 
plane in W we mean a subspace of the form {(xi, ..,.%) G W : — rj,j — 
1, ..,p — k}, where {ii, .., ip-k} is a subset of {1, ..,p} and rj, j = 1, ..,p — k, 
are fixed (rational) numbers. Obviously, every /c-plane is a /c-dimensional affine 
subspace of R^. 

Proposition 4.3. Under the hypothesis of Theorem H contains a dense 

Gg-suhset B of G{X,I^'^'^^'^'^) such that every g E B satisfies the following 
condition (R): dimg{f~^{y)) nn<A; — n — 1 for any y & Y and any rational 
k-plane U in M^n+i+m ^^^j^ Q<k<2n. 

Proof. By [18], there exists a map h: X — > I" such that / x /i is 0-dimensional. 
Take a cover {Di :i = l,..,n + l}ofI" consisting of 0-dimensional G^-sets and 
let Ai = {f X h)-\Y X Di). Obviously each Ai is Gs in X and X = U'l^lA- 
Moreover, according to the choice of h, all restrictions f\Ai are 0-dimensional. 
Now, for any n + 1 < k < 2n consider the set Bk = X\{Ai U ... U Afe_„). Then 
Bk C Ak-n+i^ ■■■^An+i which implies dim/^^(y)n-Bfc < 2n — A; for every ?/ G Y 
(recall that each f\Ai is 0-dimensional). On other hand, Bk is F^r in X, so is 
f{Bk) in Y. Consequently, dim/(i?fc) < m. Applying the generalized Hurewicz 
theorem to the cr-perfect map f\Bk, we conclude that dimBk < m + 2n — k. 
If < < n, wc denote B^ = X. Then dimBk < m + n < m + 2n — k 
(by the generalized Hurewicz theorem). Hence, for any k = 0, 1, ..,2n we have 
dim Bk < m + 2n — k. 

Next, let Ii{k) be the union of all rational A;-planes in ]R2n-t-i+m gj^(.g g^^y 
fc-plane H is a Z„+2n-fc-set in M2n+i+m^ so is H n l2"+i+"^ in Hence, 
n(A;) n is a aZ„,+2n-k-set in 12^^+1+™. Then, by Lemma 4.2, each of 

the sets Bk = {g E C(X, , 1^"+^+™) : g{Bk)nU{k) = 0], k = 0,l,...,2n, is 
dense and Gs in ^(X, 1^"+^+""). Therefore, the intersection B of H and all 
Bk, < k < 2n, is dense and Gs in C(X, 1^"+^+"'). It remains only to show 
that every g E B satisfies the condition (R). This holds ii Q < k < n because 
g G Bk, so g{X) doesn't meet any rational A;-plane. If n + 1 < A; < 2n, then 
g E Ti. implies that g embeds every fiber f~^{y), y E Y, in ][2»^+i+"^. On the 
other hand, g{Bk) nH(A;) = 0, so g{f~^{y)) nH(A;) is homeomorphic to a subset 
of f-\y)\Bk. Since f-\y)\Bk is contained in f-\y) n (^1 U ... U Ak-n) and 
the last set is a separable metric space of dimension < k — n — 1 (recall that 
each f~^{y) n Aj is 0-dimensional), we have dimg((/~^(y)) n H(A;) < k — n — 1. 
Consequently, dim g{f^^{y)) nn<A; — n — 1 for any rational A;-plane H. □ 

We now consider the case when the map / from Theorem 1.1 is closed but 
not necessary perfect. 

Proposition 4.4. Let f : X ^ Y be a closed n-dimensional surjection of count- 
able weight such that X is normal and Y a paracompact m- dimensional space. 
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Then all maps g e C(X, ^^^/i that f xg is an embedding and g satisfies 

condition (R) from Proposition 4.3 form a dense subset in C(X, I^""^^"^"*) with 
respect to the uniform convergence topology. 

Proof We fix a map h: X — > I°° such that / x /i is an embedding (recall 
that / is of countable weight) and a sequence {'ji} of open covers of I°° with 
mesh(7j) < 2~*. We also consider the Cech-Stone extension (3f of / and the 
space Z = {f3f )^^(Y). Then Z is paracompact (as a perfect preimage of Y) and, 
since X is normal, / : Z — > F is a perfect n-dimensional map. Using this fact, as 
in the proof of Proposition 4.3, we cover Z by G^-sets Ai, .., with each /| 
being 0-dimensional, and construct the sets Bk for every < A; < 2n. Then, all 
sets Bk = {g e C(Z,l2"+^+™) : g{Bk)nU{k) = 0}, k = 0,1,..., 2n, are dense 
and Gs in C{Z, 1^^+^+^). Next, consider the extension h: Z ^ oi h and the 
covers Ui = h'^'yi) e cov{Z). By Theorem 2.1, (7^.(^,12"+^+"^) are dense and 
Grsets in C(Z,F"+^+"^), so is the intersection B of all C^.(Z,l2"+^+"^) and Bk- 
Then, the set Q = {g\X : g e B} may not be dense and Gs in C{X, f^+^+^)^ but 
it is dense in C(X, I^""^^"^™) with respect to the uniform convergence topology 
generated by the Euclidean metric on Moreover, it follows from the 

choice of the coves cui that every / x g, e Q, is an embedding. Finally, as in 
Proposition 4.3, one can show that all g e Q satisfy condition (R). □ 
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